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Abstract
Among a family of graphs H a graph G is called universal if any graph in H is isomorphic
to an induced subgraph of G, and is called w-universal if any graph in H is isomorphic to a
subgraph of G. The problem of the existence of universal and w-universal graphs was examined
)rst for the family {G: G is of cardinality  and omits the complete graph on } and was
completely settled by Komj7ath and Shelah (J. Combin. Theory Ser. B 63(1) (1995)). assuming
GCH. The study of the familiesH;; = {G: G is a graph of cardinality  and omits the bipartite
graph B(; )} started by Komj7ath and Pach (Mathematika 31 (1984)) where it was proved that
there is no w-universal graph for Hℵ1 ;ℵ1 ;ℵ0 assuming ♦w1 . In an unpublished result, Saharon
Shelah weakened this condition to CH and his proof is presented here as Theorem 1. In Theorem
2 we replace this assumption by ♣(ℵ1) and a=ℵ1 and in Theorems 3 and 4 we give su@cient
conditions for the nonexistence of a universal graph for such families (for example forH2ℵ0 ;2ℵ0 ;ℵ0
this is true in ZFC). c© 2002 Elsevier Science B.V. All rights reserved.
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Notation. S is {¡ | cf= }. Given a graph G we denote the set of its edges by
EG. We say that a graph G omits a given graph H is H is not isomorphic to any sub-
graph of G.H;; is the family {G: G is a graph of cardinality  and omits the bipartite
graph B(; )}. For any function f and A ⊂ domf f′′(A) is the image of A under f.
Theorem 1 (Shelah, unpublished). Assume  is an in nite cardinal and 2= +. Then
H=H+ ;;+ has no w-universal member.
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Proof. Given a graph G ∈H, wlog with + as a set of vertices, we will construct
a graph G′ ∈H which is not embedable in G. List [] as 〈A | ¡+〉 and let
〈g | ¡+〉 be a list of the 1–1 functions from  to + each appearing + many times.
G′ will have + as a set of vertices and actually will be a bipartite graph with parts 
and +\. For each ∈ +\ we determine the set of neighbours of  as follows: as
〈A |¡〉 is of cardinality  we can )nd a set B ∈ [] s.t. ∀¡ (A\B ∈ [])—
we construct it inductively. Let C be the set of G-nodes which are connected in G
to all the members of g′′ (B) and are disconnected to  many members of g
′′
 (). By
the )rst demand alone |C|6. Now de)ne inductively the set of neighbours of  in
G′ to be any set B′ ⊂  s.t. (1) B ⊂ B′, (2) for any ¡ A * B′, and (3) for
any ∈C B′ * g−1 ({∈ g′′ () |  is G- connected to }).
This is possible as all the sets in (3) are of cardinality . Note that by (2) any subset
of  is connected to at most  many vertices in G′ so indeed it omits B(; +). Suppose
g :+ → + were a weak embedding of G′ in G. Represent g′′() as a disjoint union of
sets of cardinality , g′′()=
⋃
¡ T. The set of G-nodes which are connected to all
but less than  elements from g′′(), call it D, is included in the set of G-nodes which
are connected to some T and this one is of cardinality less or equal to  (as G omits
B(; +)). Choose any ¡+ s.t. g= g and g() ∈ D. As the set of the neigh-
bours of ; B′, contains B; g() is connected to every element in g
′′
 (B) and therefore
belongs to C. But by (3) no vertex in C can serve as g(a). A contradiction.
Theorem 2. Assume  is a regular cardinal; ♣(S+ ) holds and there is a MAD family
on [] of size +. Then H=H+ ;+ ; has no w-universal element.
Proof. We use the following form of ♣(S+ ) where there is a sequence 〈A; f | ∈ S
+
 〉
s.t. ∀∈ S+ (otp(A)= ∧ supA= ∧domf=A∧fa is 1–1∧sup ranf=  and for
every 1–1 function f :+ → + ∃¡+(f ⊂ f)). Given a graph G ∈H we de)ne
a bipartite graph G′ on the vertex set + ∪ + × + with the parts + and + × +.
For every ¡+ let 〈A |¡+〉 be a MAD family on A (A is of size ). Let
C= {i¡+ | ∃a∈ [+]¡ ∃¡ (∀j ∈ ranf\f′′ (
⋃
∈a A

)\→ (i; j)∈EG)}. Notice
that |C|¡+ [why? For every i∈C with the witness a= ai and  = i choose
i ∈ \ai and i ¡ s.t.
⋃
∈ai A

 ∩ Ai ⊂ i—such that a i exists since  is regular
and 〈A |¡+〉 is almost disjoint. If |C|= + then for some C′ ∈ [C]
+
, ; ¡
and ¡ we have ∀i∈C′ (i =  ∧ i =  ∧  = i). Now ∀i∈C′(j∈f′′ (A\)\ →
(i; j)∈EG) so f′′ (A\)\ and C′\f′′ (A\) comprise a bipartite graph inside G; a con-
tradiction.] Let D = {i¡+ | j∈f′′ (A)→ (i; j)∈EG}. For every ¡+ we choose
the set of neighbours of (; ) in G′, B, s.t.
(1) A ⊂ B ⊂ A
(2) ∀¡ (|B ∩ A |¡).
(3) ∀i∈D\C (B ⊂ f−1 ({j∈ ranf | (i; j)∈EG})).
We do it by induction on  constructing )rstly the sequence 〈 | ¡〉 ⊂ A by
using two arbitrary functions g : →  and h : → D\C, both onto their range.
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In stage  we choose any  ∈A\f−1 {j∈ ranf | (h(); j)∈EG}\
⋃
¡ A

g()\{}¡.
There is such  as h() ∈ C. Now set B = 〈 | ¡〉 ∪ A. If B; C ⊂ + ∪
+ × + |B|=  and |C|= +, are parts of a complete bipartite subgraph in G′ then
necessarily B ⊂ + (each node in + × + has just  neighbours in G′). Pick up one
(; )∈C and conclude that B ⊂ A and that C ⊂ {} × +. By the maximality of
〈A | ¡+〉 for some ∗¡+ |B∩A∗ |= . By the construction for ∈ (∗; +) the
set of neighbours of (; ); B , is almost disjoint to A

∗ and in particular it does not
include B. We summarize that C ⊂ {} × (∗ + 1) so |C|6 . A contradiction. This
means that G′ omits B(; +), i.e. G′ ∈H.
If g :+∪ (+×+)→ + were an embedding of G′ in G we can guess the restric-
tion of g to + by the ♣-sequence and get ∈ S+ s.t. f ⊂ g. Since |C|6  we can
choose ¡+ s.t. i:=f(; ) ∈ C. g is an embedding so {j¡+ | (i; j)∈EG} ⊃
f′′ (B

) ⊃ f′′ (A), i.e. i ∈D . But by (3) f′′ (B) ⊂ {j∈ ranf | (i; j)∈EG},
a contradiction.
Remark. The assumption of Theorem 2 is a consistent weakening of GCH. For exam-
ple, if in V ¡=  and we add to   Cohen reals then it holds in the appropriate
generic extension.
Theorem 3. Assume  is in nite cardinal; 6 6 2 and there is a family of 2
subsets of ; each of cardinality  s.t. no subset of  of cardinality  is included in
 many of them (e.g. = ¡; when we have even a MAD family of cardinality 2).
Then H=H2;; has no universal member.
Proof. Let 〈A | ¡ 2〉 be a family as in the assumption and 〈g |¡¡ 2〉 a
list of the 1–1 functions from  into 2. Given a graph G ∈H we will construct a
bipartite graph G′ ∈H with parts  and 2\ which is not embeddable in G. For
any ¡¡ 2 split g′′ (A) into two disjoint subsets of cardinality , B and C.
|{¡ 2 | ∀∈B (; )∈EG}|¡ 2 as G omits B(; ). Therefore, we can pick up one
D ∈P(C)\{A ⊂ C | ∃¡ 2 (∀∈B (; )∈EG, and A= {∈C | (; )∈EG})}.
The set of neighbours of  in G′ will be E= g−1 (B ∪ D). Note that E ⊂ A so
that by the property of 〈A | ¡ 2〉 G′ indeed omits B(; ) (as 6  the  side of
any copy of B(; ) has to lie in  and so be a subset of an intersection of  A’s).
By contradiction assume g : 2 → 2 embeds G′ in G. For some ¡¡2 g  = g.
Now check that no node in G has g′′ E=B ∪ D as a set of neighbours in g′′ ().
A contradiction.
Remark. (1) Note that when 2 is regular the weakest assumption on  in Theorem 3,
namely the existence of 2 sets in [] s.t. no A∈ [] is included in =2 many
of them, is equivalent to the equality cf([];⊃)= 2, i.e. for any less than 2 sets
in [] there is one which includes none of them (One direction is trivial. For the
other one assume cf([];⊃)= 2, list [] as 〈A | ¡2〉 and for ¡2 pick some
512 O. Sha r /Discrete Mathematics 256 (2002) 509–512
B ∈ [] which does not include any A for ¡. Now 〈B | ¡〉 is as required.)
The consistency of the failure of this property was shown in [1].
(2) Notice that in Theorems 1–3 the counterexample was constructed as a bipartite
graph. So by the proof of Theorem 2 there is no w-universal element in the family of
subgraphs of B(; +) which omit B(; +). Likewise for Theorem 3.
Theorem 4. If ; ;  are in nite; 6 6 2 and ♣(S) then H=H;; has no
universal member.
Proof. We use the version of ♣(S) where there is a sequence 〈A; f | ∈ S〉 s.t.
∀(otp(A)= ∧ supA= ∧ domf=A ∧ ranf ⊂ ∧f is 1–1) and for every one
to one f : →  ∃¡ (f ⊂ f): Split any A into two disjoint subsets of cardinality
, B and C. Given any G ∈H we de)ne a graph G′ ∈H as follows: for any ∈ S
D= {¡ | ∀∈f′′ (B) ((; )∈EG)} is of cardinality¡6 2 as G omit B(; ).
Therefore, we can choose E ∈P(C)\{A | ∃∈D (A= {∈C | (; )∈EG})}. Now
the set of the neighbours of  is B ∪E. By the de)nition G′ omits B(; ). (Here we
use the assumption 6 .) By contradiction assume g :  →  embed its nodes in G.
Pick any ∈ S s.t. f ⊂ g and notice that no node in G has exactly f′′ (B ∪ E) as
the set of neighbours in ranf, so no node in G can serve as a proper image of .
A contradiction.
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